i' Pauli — Dirac representation of y - matrices

QO
I
N\
S =
|

0} 7k:[0 O'kJ
-0, O

100 0 0 0 01 0 0 0 —i 0 01 0
010 O 0 010 0 0i 0 0 00 -1
0 — = = =
Yo o -1 0‘71 0 —100’}'2 0 i 0 0’73 -1 00 O
00 0 -1 -1 0 00 i 00 0 0 100
0010
0001
7= 1000
0100
Example: 0 00 -i)Y (0 00 iy (0 0 0 i
. |0 0i 0 0 0i O 0 0 —-i 0
72_0i00_0i00_0—i00__72
i 00 0 i 00 0 [ 0 0
transpose conjugate
N.Herrmann, Uni Heidelberg 18/10/2011
_|2-2 Adjoint equation
Dirac eq.: (i;/”aﬂ_m )1//:0
ia0 0 i K 9 _
(i7" &+iy5—my=0
Hermitian conjugate
f 9. +.0T 2 g + kT + _
(Dirac eq.:)* —lxVy _lﬁl//7 -my =0
Y 4,0 70 + k + 0
—igy iy (=) -my* =0 |7
) +,0.,0 ++ o . + k.0 +,,0 k.0 _ 0,k
—i2y Y iy (V) -my Y =0 | ==y
v 9 2,14040 17 0 +,,0, K +,,0 _ — 2 +,0
2y Y iy Y Y emy Y’ =0 [T =yTy
id vt i =
i0,wy"+my =0
Adjoint row spinor 17
N.Herrmann, Uni Heidelberg 18/10/2011
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22 | Adjoint spinor
v=y 7=l
10 0 O
_(* . . 401 0 O
=W, V23, ¥, 00 -1 0
00 0 -1
2.2 I Probability density and currents
vi (iy9,-my=0
+
0,7y +my =0 |-y
U

iy o,y —myy +i(d,p)r‘y+myy =0
iyy“d,w+i(0,p)yry=0

3,Fr'v)=0
current i“=py'y = (ej Electron current:
] j“=Cewry
continuity eq. aﬂj“ =0
4 For comparison:
. — 7% — st _Z‘ ‘2>0 Boson current:
probability P=YYV=yy= ~ Vi (from KG — equation)
i = (-e)2p"
N.Herrmann, Uni Heidelberg 18/10/2011
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EEN] Free particle spinors
Easiest case: free particle at rest:  ( iy“ad,—m =0
y =u(E, p)e* ™
(’E-7'p,~7*p,~7*p,~mu=0
(*p, ~mu=0
U p=0, =u(E, p)e™
Ey°u-mu=0
100 0Yp) (a4
4010 ol o
00 -1 0|g| |o
00 0 -1l o
4 independent solutions: 1 0 0 0
0 _j 1 —i 0 +i O +i
L4 Oemtrl//z Oemxl//3::Lemr'//ztzoemt
0 0 0 1
E=m>0 E=-m<0
N.Herrmann, Uni Heidelberg 18/10/2011
23 | Derivation of plane wave solution
Find general solution: w=u(E, p)er=

(7p, ~mlu=("E- P~ 7’P,~#°P,~ Ml

o S Belo
(E;m)l -G-p J
g-p —-(E+ml

) u
Ansatz taking into account substructure with u :[u
of 4x4 matrix

(E-ml  —G-p Yu,) (O
6P —(E+m)l)\uy) \O

Coupled equations: (6-Plug =(E-m)u,

(G-

Qi
ol
=4
>

Il

m

+
3

I
w

Q
o
N

W= u. = P, Py —1Ry u
® E+m * E+m{p+ip, -p, °

Explicite solutions by making an arbitrary choice for u, and ug (motivated by particle-at-rest solutions):

1 0 1 0
o (2) 3 — (4 —
u, = WUy = ,Ug' = ,Ug~ =
A : (0] " (]J ° [Oj ° (1]
N.Herrmann, Uni Heidelberg
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23 ] Plane wave solutions

1 0 P, P, —ipy
0 1 E-m E-m

P p,—ip P+ 1Py - P,

- L =Ny Py . =N ,

me E+m He =T E+m * % E-m U= £ m

P+1Py - P, 1 0

E+m E+m 0 1

All 4 solutions give Ezz‘f)‘2+m2

Comparison to vanishing momentum solutions gives rise to the statement:

u,,u, correspond to E>0 particle at rest solutions
ug,u, correspond to E<O particle at rest solutions

N.Herrmann, Uni Heidelberg

18/10/2011

&I Interpretation of negative energy solutions

Dirac picture:

y—e et e et —7y
+ ry -
me? |- ——— me2 - Z=/]/—— mc |-
L, L
-LL U i E:
- 2 ———— l\‘_._._:
mc¢ _—— 'mcz o > -mCz ~
——— —_
———— ——— ———
— —_——_— L ——
All lower states are filled.
Electrons obey Fermi — Dirac — statistics (Pauli exclusion principle).
N.Herrmann, Uni Heidelberg 18/10/2011
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23 ] Discovery of positron

Cloud chamber picture, C.D. Anderson (1933)

<+— 6mm Pb plate

N.Herrmann, Uni Heidelberg 18/10/2011

23 ] Energy loss of charged particles

PDG
10 v ) ) O A B F T T T T T T T T ]
sE i I /
T s e .
— G L= 5~ F Bethe Radintive 3
E Hy liquid = 2 bF Anderson s
E 5= st JiL ? - Fiegler -.\. /
T F £ B
w g i \ Euc
. F \ lative /* Radiative
z F E Y Mintmam b ]/,/ el
= 3 £ \ Jonkzation reach §% s el
5 ’ N JRETE Soe i " Wittt 8
= L 1 L 1 1 1 1 1
% 2 o 1 w 100 1000 104 105 108
1 L : | | 1 1 | | )
Lt 1 0 oy 0 woy; 1 0} 100
F IMeNTd GeVic] [TeViel
Muon momentum
0.1 1.0 10 100 1000 10000 Lo M L1dE_»Z 48
By = p/ Mc units: de p dx A '
01 1.0 110 10 TOH
y J/
| Muonl momcntur‘l (GeVig | | MeV 1 MeV
el el g 79 “om
Pion momentum (GeVig cm? cm®
0.1 1.0 10 100 1000 10000 « " : : 1 2
Proton momentum (GeVig dE/dx norma”y given in MeV g+*cm
dE/dx independent of the mass of the projectile
BB valid only for ‘heavy’ particles (m>m,)
N.Herrmann, Uni Heidelberg 18/10/2011
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EEN] Feynman — Stiickelberg — Interpretation

Interpret a negative energy solution as a negative energy particle

that propagates backward in time
or equivalently positive energy antiparticle that propagates forward in time.

- E<0
et
- E>0
time

Note: in Feynman diagrams one keeps the negative energy direction of the arrow.

N.Herrmann, Uni Heidelberg

23 | Anti-particle spinors

P, Px—1Py
E-m E-m E<0, particle
w o PPy IV )
3 3| E*m U 4 4 E*m
1
0 1
dflipsignof Eandp
vi(E, ple™ " =u,(-E -l -
i >
v,(E, e "8 (- E—p)eP-E) E>0, antiparticle
{
p,—ip, P,
E+m E+m
-p, . px+|py
v,=N LV, =Ny /2,
Y E+m 2% E+4m
0 1
1 0
N.Herrmann, Uni Heidelberg 18/10/2011
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EEN] Particle and anti-particle spinors

Alternative forms of solutions:
v, =u(E, p)er™

1) )
1 0 p, P, —1py
0 1 E-m E-m
P, p,—ip Py 1Py - b,
u, =N z s u,=N,| =X | u=N| —— =N
1 1 E+m 2 2 TE+m 3 3 TE_ 4 Y4 E_m
Ptpy —p. 0
E+m E+m 0 1
E:+“ |pf +m? E:,‘W
(b
2) v, =V,(E, pe’ "
p,—ip, P, 1 0
E+m E+m 0 1
- P, P *1py P p.—ip
v,=N| —% |, v,=N , Vv,=N z , v,=N,| 2 "y |
! E+m 2 E+m Y E-m f E-m
0 1 p,+ip, -p,
1 0 E-m E-m
e=+|\lpf e e=|{lof+m?

For calculations different spinor systems possible giving the same results:
U U {vava,va, vt {unug, v, v,

N.Herrmann, Uni Heidelberg

&I Wavefunction normalisation

Wavefunctions have to be normalized to 2E:

J v = [wrvav = [y T yav =2€

2 2 2
:NZ 1 pz px+py
| [-F(E+m)2+(E+m)2
| ExmP P o (E+mP+E2—m?
=N| T Ermp =INf|
_‘N‘z 2E
- E+m

U
N=+vE+m

N.Herrmann, Uni Heidelberg

Same result for N with uy, u,, vy, v,
18/10/2011

Example: w=u,(E, p)eP= 1
1 0
_ P,
0 N Em
| !
p=uu=|N[|1 0 P._ PPy P Ll
E+m E+m E+m E+m
px+|py
E+m

Handout Page 7
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il Summary of solutions
Particle solutions: w=uE per® sty (y*p,-mu=0
1 0
0 1
U, =vE+m) EL ., U=+E+m LE_”)Y
+m +m
P +ipy - P,
E+m E+m
Anti-particle solutions: y=V(E,p)e’" ™  satisfy (7’”P,,+m)-l=0
P, —ipy P,
E+m E+m
v,=VE+m —P | V2:\/E+mm
E+m E+m
0 1
1 0

These solutions have positive energies: 5

|2
E-+|B +m

18/10/2011

N.Herrmann, Uni Heidelberg

23 | Spin

Spinors uy, u,, V4, V, are not Eigenstates of S,
1000

& iz, - 0} ,/0 -10 0
27200 5,) %0 0 1 O
0 -1

However, particles and antiparticles moving in z-direction are Eigenstates of S,

1 0 0 Gals
0 1 7|p E+m
u=vE+m %p | u=VvE+m ¢ | v,=VE+m E+m| v,=JVE+m O
E+m Gl 0 1
0 E+m 1 0
ézul =34 é(ZV)Vl = _ézv1 =-3V
Su,=-3U, LV, = =SV, = -3V,

Note: the Eigenvalues are independent of the sign of p,

N.Herrmann, Uni Heidelberg
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23 ] Helicity

A~

[ﬁ,&-p]=0

_Sp_25p_22p
g Bl [P

Therefore: definition of Helicity:

h=—1

right handed left handed

N.Herrmann, Uni Heidelberg

The component of the spin along the particle direction of flight is a good quantum number:

23 ] Helicity - Eigenstates

. . . N r)
Find spinors with p=‘€ unit 3-momentum vector
& f’)“T =+Up
(2' ﬁ)"l =-u
Eigenvalue equation: 6-p 0 Yu, _4[Ua
0 G- plug) \ug
G-plu,=tu
3{(4 E)) A A Coupled equations
(G- Plug =ug

Calculate epr|C|ter for a particle moving into (8,4) dlrectlon
smzﬂcos;o sin zﬂsm(p,coszS)

p, Py cos? singcosp—isindsing
P= P, +ip, p, | si’riﬂcos¢+isimﬂsin¢ —cos®
cos# smz9e““’
zﬂe““’ ~Cosy
cosy? singe’\a a .
=1 for helicity h = +/- 1
snge"” —cosy \b b
N.Herrmann, Uni Heidelberg 18/10/2011
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23 | Helicity — Eigenstates (1)
O S RT Monciiiosd (4 EE W LTS CI S

tacosytbsnde’’ =+a_ ta(l-+cosd)=thsinge™ _ b _#l-cosv ,
tasinge™ Fbcosy=1b a dng

For right handed helicity state (h=1):
b 1-cosd . 28n%(2) §ne Page 38: (5 p)uA_(E+m)uB
—=m——— = —— 2 P o gr =2 lh=1
a sn® 2sin4cosy cosy
y 4, = E\ By,
) +m
o[22 ¢
2
€’sing )
¢ qin 2
N, cos% ‘ea‘ sins
uy) | N,E’sin2 u =Nl B oer
U = = E+m 2
Ug N cos2 \f)\
9 i elws'n 23
Ng€?sing E+m

Same for h=-1.

N.Herrmann, Uni Heidelberg

23 | Helicity — Eigenstates — Summary
Particles oy i
cos% —-sing
e€’sins €'’ cos?
u, =N i cos? u =N SLE sing
E+m E+m
_|p| e’sin? P e cos?
E+m E+m
Anti-Particles [0 i D
|p| sn |p| cos%
E+m E+m
v, =N —ﬁe”’cosf—; v, =N ﬁe”’sinl—;
E+m E+m
[ 1%
-sing cos2
€'’ cos% €’sing

Normalisation: N=+E+m

N.Herrmann, Uni Heidelberg 18/10/2011
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